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Recently, Nishimoto [J. College. Engrg. Nihon Univ. Ser. B 24 (1983), 7-133 
studied a certain fractional integral equation and a system of simultaneous differin- 
tegral equations, each of order f.  Motivated by Nishimoto’s work, Owa and 
Nishimoto [J. College Engrg. Nihon Univ. Ser. B 24 (1983), 67-721 considered a 
general fractional differintegral equation. The object of the present paper is to 
investigate some interesting properties of functions which satisfy the general frac- 
tional differintegral equation solved by Owa and Nishimoto. 0 1985 Academic Press, 
Inc. 
1. INTRODUCTION 
Several essentially equivalent definitions of the fractional derivatives and 
fractional integrals are given in the literature (cf., e.g., [2, 4, 5, 8, 9, and 12, 
p. 281). We find it convenient to recall here the following definition (used 
by Nishimoto [2]) of a fractional differintegral off(z) of order v: 
DEFINITION 1. If f(z) is a regular function and has no branch point 
inside and on %? (‘3 = {UP, V+ }, V- is an integral curve along the cut 
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joining the points z and -co + i Im(z), and %T+ is an integral curve along 
the cut joining the points z and cc + i Im(z)), 
(1.1) f”(Z) -,f.(z)=~JJ--$Y+l 
f-n(z) = Jyn f”(Z)> (n E Jv = (1, 2, 3 ,... }), (1.2) 
and 
where { #z, -rc<arg(c-z)<rr for Vf: and O<arg({-z)<2n for %+, 
then f”(z) (v > 0) is the fractional derivative of f(z) of order v and f”(z) 
(v < 0) is the fractional integral off(z) of order -v. 
Making use of Definition 1, Owa and Nishimoto [6] solved a system of 
fractional differintegral equations. We recall their result as 
LEMMA 1. The system of fractional differintegral equations 
(a2” - vci *(‘+y)z-l) f(z)= f-“(Z) (ZE@) 
(a 2+1~+(1-v)a2vz~1)f(z)=fi~Jz) (ZE@) 
(1.3) 
has for its solution 
f(z) = kz exp(z/x*), k#O, (1.4) 
where a #O and k is an arbitrary constant of integration. 
A special case of the simultaneous fractional differintegral equations (1.3) 
when v = 4 was studied earlier by Nishimoto [3]. It may be of interest to 
remark in passing that the two equations in (1.3) are essentially the same 
and that the solution (1.4) is independent of the parameter v. 
2. THE CLASS Y%$ OF SPIRAL-CONVEX FUNCTIONS 
DEFINITION 2. A function f(z) regular in the unit disk %! = {z: Iz] < l> 
is said to be spiral-like if f(0) = 0, f ‘(0) = 1, and 
Re(eiB~)>O (zE%) (2.1) 
for some p ( -4~ < /I < &r). Let 9, be the class of such functions. 
It was shown by SpaEek [ 1 l] that the spiral-like functions are univalent 
in the unit disk %!. On the other hand, Singh [lo] proved the following 
result for the class YP. 
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LEMMA 2. Zf f (z) E $, then we have 
-2m(lz~,~)cos/?~log + ~2m(~z~,7c-~)cosj? 
Y I 
(2.2) 
and 
where 
m(r, j?) = m,ax (Re{e’j log(1 + reiO)}). (2.4) 
DEFINITION 3. Let a function of the form 
f(z)=z+ 2 a,z” 
?I=2 
(2.5) 
be regular in the unit disk S!. Then f(z) is said to be spiral-convex if and 
only if the inequality 
(2.6) 
holds true in the unit disk %‘, for some p (-in < /I < frc). We denote the 
class of all such functions f(z) by 9VP. 
For the class 9’wB, Yoshikawa [ 131 proved the following lemmas which 
will be required in our study of this class of functions. 
LEMMA 3. Zff(z) E 9’%Tp, then 
1 
(1 + 14) 
,dexP(-arg~)tanP)lf’(z)~~(1_1,z,)2 (2.7) 
and 
/ log If+1 tan /? + arg{ f ‘(z)}i < 2sin-’ (z(. (2.8) 
LEMMA 4. 9’%Zb is a subclass of y?B. 
Eenigenburg and Yoshikawa [l] also gave several interesting results for 
functions in the class 9’%$. 
We begin by proving 
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THEOREM 1. Let the function f(z) satisfy the fractional differintegral 
equation (1.3)for v>O, Ial 22, andzE%. Further letf(O)=O andf’(O)= 1. 
Then the function f(z) belongs to the class 9’%?@ for - f~ < fi < &. 
Proof. By putting k = 1 in (1.4), we obtain the expansion 
1 1 1 - - f(z)=z exp(z/a’) =z +gz* + 2! c14z3 + 3! a,z4+ ..* 
which implies f(0) = 0 and f ‘(0) = 1. 
From the first equation of the system (1.3), we readily have 
VC1*~'+"~Z~*f(Z)+(~*"-Va*~~+"~Z--1)f'(Z)=fi~"(Z). 
Substituting the second one of (1.3) into (2.10), we get 
(012” - va *(l+v)Z-l)fyZ) 
+ (va 2(1+Y)z-2-a2(Y-1) -(l -v)a2”z-1) f(z)=O. 
Hence we have 
or, equivalently, 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
(2.13) 
By logarithmic differentiation of both sides of (2.12) with respect to z, we 
can show that 
zf”(Z) 1 + 
l+f’o= 
z(2a2 + 2) 
a*(a’ + z)’ 
which, in conjunction with (2.13), yields 
= (cos fi) Re 1 + 
z(2a2 + z) 
a*(a* + z) 
) - (sin /I) Im (1 +$) 
(2.14) 
(2.15) 
for JaJ 22, --&</I,<& and ZE%. 
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Now, since 
( ) sin B 1-S cos+-$- 2 1-A cos/Y ( 1 lx2 (2.16) 
for - frt < /I < $x, we obtain 
Re{(l+~)cos/I+i(~)sin/I}>O (2.17) 
for 1~11 2 2. This proves that f(z) E sPVfl for -4~ < /I < arc. 
Next we prove 
THEOREM 2. Under the hypotheses of Theorem 1, 
1 
If’(z)1 G (1 _ lzl)2 expGWbl,+ -PI cos B) (z E %), (2.18) 
where, as also in (2.4), 
m(r, b) = my (Re{eib log(1 + rea)}). (2.19) 
ProoJ: In view of Theorem 1, since f(z) is in the class Y%Zfl with 
-f~~<j?<$n, we have 
’ 2~exp(-arg~)ta~P)If’(i)l~(1-11z,)2 Cl+ 14) (2.20) 
with the aid of (2.7). Thus, by using Lemma 4 and (2.3), we get 
If’(z)l d (1 1 _ lzl)2 exp (argr+) tan 8) 
1 
“(l-lzl)2 
exp(2m( (zl, $7~ - 8) cos 8) 
because tan p < 1 for -4~ < B < $r. 
(2.21) 
3. THE CLASS P~?(JJ,B)oF Y-SPIRAL-CONVEX FUNCTIONS 
DEFINITION 4 (Prakash [7]). Let a function f(z) defined by (2.5) be 
regular in the unit disk %! with z-if(z) f’(z) # 0 for z E a!, and let y be a 
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real number. Thenf(z.) is said to be a y-spiralconvex function if and only 
if it satisfies the inequality 
Rej(ei~-ycOs~)(~)+~(l+~)CO~B}~~ (3.1) 
for some 1-3 ( -in < fi < $rc) and z E @. We denote this class of functions by 
YWY? 0 
In particular, 9V(y, 0) is the class of y-convex functions, 9V( 1, fl) is the 
class of spiralconvex functions, and 9’$?(0, #I) is the class of p-spiral 
functions. For the general class Y%?(y, p) we now prove 
THEOREM 3. Let the function f(z) satisfy the fractional differintegral 
equation (1.3) for v >O, ,,&‘G Ial ~2, and ZE%!. Further let f(O)=0 and 
f’(O)= 1. Then the function f(z) belongs to the class YW(y, 8) for 
-$r</?f$ andO<y<$a2-1. 
Proof: By putting k= 1 in (1.4) we have f(0) =0 andf’(0) = 1. Since 
f’(z) = (z + 1/a2) exp(z/a2), (3.2) 
we can easily see that z-‘f (z) f ‘(2) # 0 for z E @ and fi < Jai < 2. Further, 
by using (2.13) and (2.14), we obtain 
Re{(c”-ycos~)($$)+y(l+$$)CCSB} 
= (1 - y)(cos B) Re - (sin j?) Im 
+I/Re(l+$$))cosP 
= (I - y)(cos ,8) Re 
(3.3) 
for $dlal<<, OQy<ia2-1, --~z<~<<z, andzEC&. 
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Now, since 
(3.4) 
for - $c < j? < 671, we have 
- 1. It follows that f(z)~YV(y, /3) for 
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